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conditions for bulk fields in the dual higher spin theory. The deformation breaks generic 
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1 Introduction 

There exist many higher spin states in superstring theory, and a higher spin symmetry is 
expected to appear at the limit where the masses of these states vanish. Moreover, it was 
proposed that the broken phase of higher spin gauge theory can describe superstring theory 
[1]. Recently it became possible to discuss the direct relation between higher spin gauge 
theory and superstring theory but on AdS space. This is due to the developments on higher 
spin gauge theory on AdS space such as Vasiliev theory [2] and AdS/CFT correspondence. 
For examples, 4d Vasiliev theory is conjectured to be dual to 3d 0(A) vector model [3] (see 
also [4]), and a lower dimensional version was proposed in [5] where 3d Vasiliev theory in 
[6] is dual to a 2d large N minimal model. 
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The first concrete proposal on the relation between higher spin gauge theory and super¬ 
string theory was made in [7] by extending the duality in [3]. There are two other proposals 
given by generalizing the lower dimensional version of duality in [5]. Lower dimensional 
models are generically more tractable than higher dimensional ones, so we expect to learn 
more about the relation. The proposal with large or small J\f = 4 supersymmetry was made 
in [8-10], while that with Af = 3 supersymmetry was given in [11-13]. Compared to the 
proposal in [8-10], the relation between higher spin fields and strings is more transparent 
in [11-13] like in the duality in [7]. See [14-18] for related works. 

Utilizing the features of the proposal in [12], we have examined the Higgs phenomenon 
due to the breaking of higher spin symmetry in [13] 1 . We deform the CFT such that generic 
higher spin symmetry would be broken except for the A/" = 3 superconformal symmetry. 
The deformation is of the double-trace type and it can be interpreted as the change of 
boundary conditions for the bulk fields in the dual higher spin theory [20]. The breaking 
of higher spin gauge symmetry would make the higher spin fields massive. In [13], we 
have computed the mass of a spin 2 held both from the bulk and the boundary theories 
by making use of the previous works [21-24], Similar phenomenon was also discussed for 
higher spin fields in [25] but on AdS 4 . 

The aim of this paper is to extend the analysis in [13] to generic higher spin fields. We 
work at the leading order of 1/c with c the CFT central charge, where the classical gravity 
computation is reliable. Utilizing the holographic duality, we succeeded to obtain the mass 
formula for all higher spin fields and at the full order of the deformation parameter. The 
bulk higher spin theory has A/" = 3 supersymmetry and there are so(3)/j singlet fields with 
spin s = 2, 3,4,... and so(3)ij triplet fields with spin s = 1, 2,3,.... We observe that the 
masses are not generated at this order for the so(3 )r singlet fields. This result is actually 
consistent with that in [26], since their deformation is of the same type as ours. We also 
find the mass square of spin s field is proportional to the spin s as oc (s — 1) for 
so(3 )r triplet fields. 

This paper is organized as follows; In the next section, we review the A/" = 3 holography 
proposed in [12] and introduce the marginal deformations of [13]. We also give the final 
result of the mass formula in (2.24) and (2.25) below. In section 3 we compute the Higgs 
masses for low spin so(3)/j singlet fields by using a brute force method. In section 4 we 
generalize the results for generic higher spin fields and also so(3)r triplet fields by making 
use of a free ghost system. We adopt two different ways of computation. In section 5 we 
interpret the boundary computation in terms of bulk theory. From the interpretation we 
deduce the correction terms at the higher order of the deformation parameter. We conclude 
this paper and discuss future problems in section 6. In appendix A we construct the free 
ghost realization of higher spin superalgebra and Af = 3 superconformal subalgebra. In 
appendix B we summarize the useful properties of embedding formulation for tensor fields 
on AdS d+ i. 


1 The Higgs phenomenon for the proposal in [9] was examined in a quite recent paper [19]. 
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2 Af = 3 holography and a summary of results 

The proposal in [12, 13] includes a duality between a 3d Prokushkin-Vasiliev theory in [6] 
and a large N limit of 2d coset type model. The special feature of the duality lies in the 
Af = 3 supersymmetry. The 3d Prokushkin-Vasiliev theory has extended supersymmetry 
only if we choose a specific mass parameter [6, 27]. We associate U(2M) Chan-Paton (CP) 
factor to the fields but with a U(M) invariant condition, and the higher spin theory with 
these conditions has Af = 3 supersymmetry. The 2d coset model with Af = 3 superconformal 
symmetry is given by the critical level model 

su(N + M)n + m © so(2A r M)i 
Su(fV)jV_|_2M © Su(M)m+2N © U(1) K ’ 

where k = 2 NM(N + M ) 2 and the central charge is 

c=^MN. (2.2) 

In order to compare the classical gravity theory, we need to take the large N limit. The 
proposal was confirmed by the comparison of one-loop partition function and symmetry 
algebra at low spins, see [12, 17, 28]. 

In [13] we have studied a marginal deformation of the coset model and its interpretation 
in dual higher spin theory. In particular, we computed the Higgs mass of a spin 2 field both 
from the CFT and the higher spin theory. The aim of this paper is to compute the Higgs 
masses of spin s > 2 fields in the higher spin gauge theory. In this section, we summarize 
the necessary information on the Af = 3 holography and the mass formula obtained in this 
paper. 

2.1 Higher spin superalgebra 

We start from the gauge algebra of the Prokushkin-Vasiliev theory with extended super- 
symmetry. The higher spin theory can be defined by modifying the Af = 2 higher spin 
gauge theory with U(M') CP factor in [6]. Here the U(M') CP factor just means that the 
fields take M' x M' matrix values. The holography with the higher spin gauge theory was 
proposed in [8, 11, 29]. The theory includes gauge fields with spin s = 1, 3/2,2, 5/2, • ■ ■ , 
which can be described by a Chern-Simons gauge theory [30]. Moreover, there are also 
matter fields with masses parametrized by A. The higher spin gauge theory in [12, 13] is 
then obtained by a Z 2 truncation with A = 1/2. 2 For the AT = 3 holography, we assign 
U(2M) CP factor and the U(M) invariant condition as mentioned above. 

The gauge algebra can be defined by using y a (a = 1,2) and k satisfying 

[y a ,yp] = 2ie Q/9 (l - (1 -2A)fc), k 2 = 1, {k,y a } = 0. (2.3) 

We denote the algebra generated by these variables as sH[A]. The gauge algebra shs^/[A] 
for the AT = 2 higher spin gauge theory with U(M') CP factor is defined as 

sBm'[ A] = si? [A] © A4m' = C © shsjvf'[A] • (2-4) 

2 The holography with the truncation and M' = 1 was proposed in [28], where the higher spin theory 
has JS = 1 supersymmetry. A different J\f = 1 holography was already conjectured in [31]. 
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Here Mm' denotes the M' X M' matrix algebra and C represents the central element. The 
bosonic subalgebra with M' = 1 and in the k = 1 subsector is known as hs[A]. At A = 1/2, 
the commutator of y a does not involve k anymore, and the algebra can be truncated by 
assigning the invariance under k —>• —k. The truncated algebra may be called as shs^/[l/2]. 

The matrix algebra Mm' with M' = 2 n can be generated by the Clifford elements cj) 1 
(I = 1,2, ■ ■ ■ , 2n+ 1) satisfying {(j) 1 , c/) J } = 2 5 IJ . This indicates that the truncated algebra 
shs^p[l/2] includes osp(2n + 112) subalgebra [6, 12, 17, 27] 

Tad = {Vo; Vft} , QL = Vac ® , M IJ = [(j) I ,(j) J ]. (2.5) 

In our case, we associate U(2 M) CP factor and require U(M) invariant condition. The sub¬ 
algebra shs[f [1/2] survives the invariant condition, thus the theory can be seen to have M = 3 
supersymmetry. We consider the bosonic subsector of gauge fields based on shs^[l/2]. De¬ 
composing the U(2) of the CP factor as U(l)xSU(2), the trace part gives so(3)r singlet 
higher spin fields AjP and the SU(2) part gives so(3)/j triplet higher spin fields AW with 
i = 1, 2,3. We would like to compute the masses of these fields after the deformation break¬ 
ing the higher spin symmetry. Notice that A9 2 ^ and A|^ should be kept massless since they 
are a part of generators for unbroken J\f = 3 supersymmetry. 


2.2 Dual CFT 


We are interested in a large N limit of the symmetry algebra in the dual CFT. Let us denote 
the gauge algebra of the higher spin theory as g^s- Near the AdS boundary, the symmetry 
algebra is enhanced to be a W-algebra obtained by a Hamiltonian reduction of affine gh s 
algebra as explained in [32-34]. A claim in [35] is that at the large N limit we can truncate 
the W-algebra into so called “wedge” subalgebra consistently, and the subalgebra is identical 
to the original higher spin algebra <?hs- We represent the CFT currents as j( s,a \z) with 
a = 0,1, 2, 3 (or their mode expansions Jn’^ with n € Z), which are dual to the higher spin 
fields introduced above. From the above argument, the wedge subalgebra generated 
by Jn’ a ' > with |n| < s should be given by shsj [1/2] at the large N limit. 

It will be useful to realize the higher spin algebra shs^fl/2] by free ghost system as in 
appendix A. Since we are interested in the bosonic subsector, we only need to include one 
type of ghost system, say, {bA, ca) with A = 1,2. The operator product is 


b A {z)c B {w) ~ 


&AB 
z — w ’ 


and the conformal weights are 


(h +t h-) 


(1 + A 1-AA 

l 2 ’ 2 ) ■ 


( 2 . 6 ) 


(2.7) 


We are interested in only the case with A = 1/2, but we keep A generic unless necessary. 
The integer spin s currents are then given as [36] 




s-l 

Y,a i {s,\ + l)d s - 1 - i {{d i b A )c B } 

i =0 


( 2 . 8 ) 
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with 


s — 1 


(0 < i < s - 1). 


(2.9) 


a l (s, A) = 


\ ( — A — s + 2) s _i_j 

J ( s + *)s—1 —i 


Here we have used the following notation as 

{a) n = r t + , ra) = a(a + 1) • • • (a + n - 1). (2.10) 

r(a) 

We examine two type of currents J_jf (z) = J^ s,0 \z) and J^\z) = j( s,3 \z) since the 
properties of the other so(3)r charged currents J^ s,a \z) with a = 1,2 can be deduced from 
those with a = 3. The properties of the wedge subalgebra for J±\z) at the large N limit 
can be obtained from those of 


rgM = [vfT)]„ ± [u w ( 2 )] 22 . 

Here the normalization of the currents is 3 

= - (2s - 1)cJV - 4-, 

0 z 12 

30FT(s) r(g — A)T(s + A) 
s 4 S_1 (A 2 — l)T(s + \) T(1 — A)T(1 + A) ’ 


where the central charge is [32, 33] 

3 

2Gn 


( 2 . 11 ) 


( 2 . 12 ) 

(2.13) 


(2.14) 


with Newton’s constant Gjsr- 

The higher spin theory includes two complex scalar fields and two Dirac spinor fields 
along with higher spin gauge fields. Due to the U(2M) CP factor and the U(M) invariant 
condition, the single particle states of the matter fields take 2x2 matrix values. These 
matter fields are dual to operators denoted as 0± B (z, z) and F± b (z, z) with A, B = 1, 2. 4 
The definition of these states in [13] leads to the following relation of complex conjugation 
as 


O 1 ± 1 (z) = 0f(z ), O¥(z) = 0£(z), F 1 ± \z)=F?(z), F^{z) = F^{z). (2.15) 

We choose the boundary condition of the matter fields such that 0± B (z,z) have the con¬ 
formal weights ( h±,h± ) and F±(z) have (h±,h^), where h± are defined in (2.7) with 
A = 1/2. For simplicity we denote the operators as 

Ol(z) = 0?(z), Ol(z) = Ol 2 (z), 0i(z) = 0 22 (^), 0 2 _(z) = 0 2 J(z), (2.16) 

Fl(z)=Fl\z), F 2 + {z) = F l2 {z), F 1 _{z) = F 22 {z), F 2 _(z) = F 2 }(z). 

3 This information is obtained from the classical gravity theory as in [37]. This is a property outside 
the wedge subalgebra, so the quantity cannot be computed with the currents introduced in (2.11). See, for 
instance, (3.4) below. 

4 We suppress the argument of z in the following. 
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The three point functions are computed from the bulk higher spin gauge theory as [37-40] 


(OKz 1 )61(z 2 )4-'>(z 3 )) = A ± (,,\) < 0 £( zi ) 0 £ te )>, 

V 2 13"23 / 

( rUz l ) fi ( z 2 ) jM ( z 3 )) = A ± („,A) (- 02 -)' 

V *-13 "23 / 

with 5 


7l+( s ) 


T(s ) 2 T(s +A) 

r(2s -1) r(i + A) ’ 


yl_(s,A) = t?(-1) s 


r('g ) 2 r(a-A) 
r(2s -1) r(i - A) ‘ 


(2.17) 


(2.18) 


These correlation functions can be reproduced by using a free ghost system as shown in 
[40]. In principal, it is possible to compute them directly using the coset model (2.1) with 
finite N and then taking the large N limit. However, the computation would be quite 
complicated, and it is convenient to use the classical gravity theory and the free ghost 
system at the limit. 


2.3 Marginal deformation and Higgs masses 

In order to compare to superstring theory with finite string tension, we need to break 
the higher spin symmetry. As in [13] we deform the bulk higher spin theory by changing 
boundary conditions of the U(M) singlet matter fields with keeping J\f = 3 supersymmetry. 
The change of boundary conditions is dual to the following double-trace type deformation 
of the dual CFT as [13] 


AS = -f J d 2 wT(w,w ), 

(2.19) 

T = J2 ( ~ 1) ( 1 +O a O a + +FlF a +F a Fl\ . 

a= 1 

(2.20) 

The deformation is expected to break higher spin symmetry genetically, 
sponding currents are not conserved any more as 

and the corre- 

dJ { ±\z ) =K { 'l~ 1 \z) 

(2.21) 


with /C± ^(z) as spin (s — 1) operators. 

The aim of this paper is to compute the masses of spin s fields, which are generated 
due to the symmetry breaking. A direct method is to compute the one-loop corrections of 
spin s propagators as was done in [21, 22, 24] for spin 2 fields. However the computation 
would be quite complicated. Instead of the direct way, we compute the masses from the 
viewpoint of dual CFT. In other words, we compute the masses by making use of the AdS 
isometry, which is the same as the conformal symmetry of the boundary CFT. The map is 

5 The holography requires that either of A+ or A- has the factor (—l) s , and here we choose to put the 
factor in A-, see, e.g., [37]. Moreover, the so(3 )r charges can be read from the action of the Pauli matrix 
tj a . In our choice, 0% and Ot has +1 eigenvalue of a 3 and 0 “ and Ot has —1 eigenvalue of a 3 . The 
so(3)a charge assignment is similar for the fermionic operators. 
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A (s) 

known between the mass of bulk spin s field and the conformal dimension of dual spin 
s current J±\z ) as 

K,±) = A ±( A ± - 2 ) - «(s - 2) • (2.22) 

This formula reduces to 

Af ( 2 Si±) =2(s-l)(Ai s) - S ) (2.23) 

at the first order of the anomalous dimension A^ — s. Using the map we can compute the 
mass of spin s field from the dual CFT. 

In the rest of the sections, we compute the anomalous dimensions using various meth¬ 
ods. Before going into the details of the computation, we summarize our results on the 
mass formula here. Our results are at the first order of 1 jc since we heavily use the classical 
bulk gravity theory and the free ghost system (2.6). However, we can obtain the Higgs 
masses at the full order of the deformation parameter / in (2.19). As we saw above, there 
are so(3)^ singlet and triplet higher spin fields. The so(3)/j singlet fields do not receive any 
corrections as 


Mf S)+) =0 (s = 2,3,4,...). 


(2.24) 


The result may be expected because the deformation operator (2.20) is of the same type 
as the one in [26], where the authors considered the deformation preserving the higher spin 
symmetry at the leading order of 1/c and the deformation parameter /. For the so(3 )r 
triplet fields, the mass formula is obtained as 


Mf. , = 


f 2 12(s — 1) 


("*-) (1 + / 2 ) 2 ' 


(s = 1,2,3,4,...) 


(2.25) 


where the central charge is related to the Newton constant Gn as (2.14). It reproduces 
the result in [13] for s = 2. More detailed examination of these results will be given in the 
concluding section. 


3 The examples of low spin currents 

We start from the simple examples with s = 2, 3,... and of the so(3)/j singlet, which are 
given by These higher spin currents generate the hs[A] bosonic subalgebra. We 

would like to deform the theory as in (2.20), but here we consider a simpler version as 

T x = l -[0 + 0-+6„6 + \ . (3.1) 

Denoting the corresponding state as |7 a), the eigenvalues of current zero modes are written 
as 


•4*0|7a) = (A+(s, A) + M_(s, A))|7 a) • 


(3.2) 



Here A + (s,A) is defined in (2.18). For A = 1/2, we can identify 0± as G± (a = 1,2) in 
(2.16). We can use the same results for the fermionic operators J-± (a = 1,2) in (2.16). 
After the deformation, the divergence of currents can be written as (see, e.g., [13, 26]) 


d/ + ‘\z) = 2 


S — 1 


"I) 


l t( s ) 


1=0 


(3.3) 


( 2 ) ... . . ( 2 ) 
with L n = J\ n - The right hand side vanishes for s = 2 since the eigenvalue of J_ j_Q is one 

in our case. This implies that the mass is not generated for the usual graviton field as in 

(2.24). The square of the left hand side of (3.3) can be computed as 


|aj| s) | 2 ee (01«/+s L\L-\J+L s 10) = -(Af - s) 


t( s ) 


w 




( 2 s - 1 )N s c 
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(3.4) 


where (2.12) is used. Therefore, if we can compute the square of the right hand side of 
(3.3), then we can read off the anomalous dimension for J+\z) from this expression. In 
this section, we compute the square of the right hand side explicitly for low spin examples 
with s = 3,4. 


3.1 Spin 3 current 

/o\ 

For the spin 3 current W(z) = J]_'(z), the divergence of current in (3.3) becomes 

dW = 2irf (V_ 2 - L-iW-i + ^L 2 _ 1 W 0 '\ Tx . (3.5) 

The problem is now to compute the square of the right hand side explicitly. For the purpose 
we need the commutation relations among the mode expansions of higher spin currents, 
which are given as 6 

[f'ui! T n ] — (jn n)L n -\-m T m ( u/- l)<5 m _|_ r j, [L m , W n J — (2m n)Wm-\-n i 

[W m , W n ] = 2 (m - n)U m+n - - n)(2m 2 + 2n 2 - mn - 8)L m+n (3.6) 

(c+-) 144 

with U as the spin 4 field and as a composite operator made with L n . The terms 
proportional to A^ are subleading for large c and hence are neglected, and the expression 
of A /3 is given in (2.13). 

We compute the anomalous dimension by comparing the norm of the both side of (3.5) 
as 7 

\BW\ 2 = (27t/) 2 (7a| (w 2 - WiLi + ^(Lr) 2 ) (3.7) 

• (w- 2 ~ L-1W-1 + ^(L.OWb) | 7 a ) . 

6 We replaced N 3 in the commutation relations of the paper [41] by —N 3 , effectively this amounts to 
a rescaling of the spin four field compared to [41]. After this replacement, the current-current two point 
function becomes (2.12) with positive coefficient for 0 < A < 1. 

7 The square |9W| 2 is defined as in (3.4). The same notation will be used below as well. 







The following eigenvalues are introduced as 


L 0 \Tx) = h\Tx), W 0 \Tx) = w\T x ), U 0 \T X ) = u\T x ) • (3.8) 


Then we have 

^(r A |lTo(Li) 2 ( J L_ 1 ) 2 Wo|r A ) = (1 + 2h)hw 2 (Tx\Tx ), 

— (TxlWoiLrfL^W^lTx) = —(TxlWML.^WolTx) = -3w 2 (l + 2h)(T x \Tx ), 
-^TxW^L^fW^Tx) = ^(r A |Vho(L 1 ) 2 lT_ 2 |T A ) = 6u; 2 <T A |T A > , (3.9) 

(Tx\W\LiL_iW-i\Tx) = (2{h + 1) ^4 u + + 9w 2 ^j (T A |T A ), 

(T A |WW_ 2 |T A ) = 4(2u - N 3 h)(Tx\Tx), 

-(Tx\W 2 L^W^\Tx) = —{Tx\WiLiW- 2 \Tx) = -4 ^4u + ^h\ (T A |T A >. 

Thus the right hand side of (3.7) leads to 

\3W\ 2 = [u(8h — 16) + N 3 h(h — 7) + w 2 (2h 2 - llh + 15)}{2nf) 2 (Tx\Tx) = 0. (3.10) 

Here we have used 

h = l, w = A, u = jj(l + A 2 ), iY 3 = I(A 2 -4), (3.11) 

which come from (3.2). Therefore at the leading order of 1/c and f 2 we find as in (2.24) 

M 2 3) = 4(A — 3) = 0 , (3.12) 

where we have used (2.23) and (3.4). 


3.2 Spin 4 current 


If we want to compute the deformation for the spin 4 current we need to know its com¬ 
mutation relations again. The operator product of the held U(z ) with itself has only 
poles of even order and the coefficients can only be normally ordered polynomials in 
T(z), dT(z),d 2 T(z),d 3 T(z),d 4 T(z),W(z), U(z) 1 dU(z), d 2 U(z), Y(z) where Y(z) is the spin 
6 current . As explained in [42] there are various relations between structure constants. 
Especially the one of a normally ordered polynomials of type : d J T(z)X(z) : for some pri¬ 
mary held X(z) is related to the structure constant for X(z). In [42] an explicit formula for 
this relation is given, it is very lengthy, but one can easily extract that they behave as 1 /c 
for large c and are thus negligible for our considerations. In [43] terms of the commutator 
of the spin four held modes with themselves were computed, the term corresponding to 
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: W(z)W(z) : is also subleading for large c and hence their results imply that 


[UmjlJ'n] — 3(771 n)Y m+n Tl)U m -\- n + /l (t77, 7l)-L m _|_ n T 


cN 4 

4320 


m(m 2 - 1)(777 2 - 4)(m 2 - 9)<5 m+ri) o+ 


+ P(m, n, T, T', T", T'\ T"", W, U, U ', U") , (3.13) 

/[/(m, n) = 7744(777 — 77)(777 2 — 77777 + 77 2 — 7), 

777 , 77 ) = — ^^(777 — n) (108 — 39m 2 + 3m 4 + 20mn — 2 m 3 n — 39n 2 + 

360 v 

+4m 2 ?7 2 — 277177 3 + 3n 4 ) , 

where P denotes modes of a normally ordered polynomial in the indicated fields. It is 
subleading and can be neglected for our computations. For general A. the involved constants 
can be read off by comparing to [43]. They are 

(A 2 -19) at 3 m 2 


n 44 = 3Q ' , iV 4 = -^(A 2 -4)(A 2 -9) 


(3.14) 


and the charges of the zero modes Yq and Uq on |7a) are obtained from (3.2). They are 

(3.15) 

We need to compute to leading order in 1/c of 


V — (8 + 15A 2 + A 4 ), u — -(1 + A 2 ). 


rhs := (T a | ( U 3 - U 2 L 1 + -U x (L x ) 2 - ±E/ 0 {Lif 

U -3 - T-it/-2 + \ (L- 1) 2 U-\ - i (T_i) 3 C 7 0 ) I 7a) ■ 

This computation is straightforward and lengthy. First define 

(677 y - fu(n, —n)u + f L (n, -n)h) (Tx\T x ) (n / 0 ), 


(3.16) 


Zn ■= (Tx\U n U. n \T x ) = 
We get 


u 2 (7a | 7a) 


(77 = 0 ). 


(3.17) 


(T x \U 3 U. 3 \Tx) = Z 3 , 

(T x \U 3 L_ 1 U- 2 \Tx) = 6Z 2 , 

(Tx\U 3 (T_i) 2 C7_i|7a) = 30Zi, 

(Tx\U 3 (L^) 3 U 0 \Tx) = 120Z 0 , 

{Tx\U 2 L\L_{U. — 2 |7a) = 25Zi + 2 (h + 2)^2 , (3.18) 

(TaI^L! (L_i) 2 C7_i|7a) = 10(2/i + 3 )Z 1 + 80Z 0 , 

(Tx\P 2 L 1 (L_x) 3 U 0 \Tx) = 120(/i + 1)Z 0 , 

(Ta|/7i (Li) 2 (L_!) 2 C/_!|7 a) = 4(2/i + 3)(/i + 1)Z X + 128(/i + 1)Z 0 , 

(Tx\U! (L x ) 2 (L_!) 3 C/ 0 |Ta) = 48(2 h 2 + 3 h + 1 )Z 0 , 

(TaII/q (Ti) 3 (L_i) 3 U 0 \Tx) = 24/i(2/i 2 + 3/i + 1)Z 0 . 
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So that with h = 1 


rhs = Z 3 - 6 Z 2 + 15Z, - 20 Z 0 . (3.19) 

Plugging 7144 and JV 4 into the expresions for /^(n, m) and /j/(n,m), we get 

1 O 

rhs = 36 y + 4(A 2 - 19)tt + — (A 2 - 4) (A 2 - 19) - 20rt 2 (3.20) 

35 

and it turns out that independent of A this expression vanishes identically 

rhs = 0 . (3.21) 

Therefore at the leading order of 1/c and / 2 we again find as in (2.24) 

M ( 2 4) = 6 (aJ } - 4) = 0 (3.22) 

with the use of (2.23) and (3.4). 


4 Generic spin s currents 

As above, we can compute the anomalous dimension of J_j_ ; by comparing the two ways to 
express \d,J+ > \ 2 . One way can be found in (3.4). The other way is to compute 
using (2.21). The computation with the expression in (3.3) becomes complicated rapidly 
when we increase s as seen in the examples with s = 3,4. Fortunately, the right hand side 
in (3.3) involves only the wedge subalgebra with (|n| < s), so we can utilize the free 
ghost system (2.6). There are at least two merits to use the free ghost system. One is that 
the other expression of |<9,/i^| 2 can be dealt with more easily even for generic s. Another 
is that the analysis can be generalized to the so(3)^ triplet currents simply by inserting a 
phase factor —1 as in (2.11). In this section, we obtain the mass formula (2.24) and (2.25) 
at the first order of 1/c and f 2 in two ways. The analysis on the higher order of / 2 is 
postponed to later sections. 

4.1 Direct computation 

As explained above, we can utilize the generators V^^_(z) defined in (2.11). The generators 
have the following operator products like 

V \±( z ) b i{ w ) ~ JV(s,A + l) 9 r i_ * dXw), (4.1) 

i =0 V ^ / 


w 


d l c 2 (w ) 


(4.2) 


~ ±(-ir > y( s ,i-x)d: 


s —1 


i—0 


is—1 —i 


Z — 
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We can reproduce (2.17) and (2.18) if we identify V^j_ as and b\ 1 C 2 as C>_|_,0_, see 
[40]. Therefore, we have 

dV^l(z)(b lC2 )(i 


(w 


(4.3) 


s —1 


2v t5^ 2 \z - w) £[^( 5 , A + l)^ -1-4 ^c 2 )H ± (-l)V(s, 1 - X)d s - 1 - i {b 1 d i c 2 )(w )] 

i=0 
s —1 

2-k 6 (2) (z - w) £(1 =p l)fi 4 («, A + l)(d i b 1 d s ~ 1 - i c 2 )(w). 


i =0 


In the above expression, we have neglected total derivatives, which vanish after the inte¬ 
gration over the position w of deformation operator. Here a*(s, A) is given as 


a*(s, A) = 

and the identities (see [36]) 


s-l\ (-1)' 


(»)*-] 


(A s)j(2 A s)s—l—i, 


(4.4) 


s —1 


s—1 


(4.5) 

(4.6) 


(4.7) 


£ a\s, X)d s ~ 1 ~ i ((d i A)B) = £ a(s, \)(d i A)(d s ~ 1 ~ i B ), 

Z—0 i =0 

a*(s, A) = (—l) s_1 a s_1_i (s,2 - A) 

are used. 

With these preparations, we can compute the divergence of current as 

S — 1 

dj^(z) = tt/ £[( 1 T l)o 4 (s, A + 1 )]{d 8 - 1 - i O+d i O-)(z) 

i =0 

after the deformation with ^0+0-(w). Let us define \0±) as the eigenstate of with 

L 0 \O±) = h±\0±) (4.8) 

and {0± | as its conjugate state. Then we can show that 

= F(8, h±)(0±\0±) , F(s, h±) = T(s + i) r( p^) g) (49) 

by repeatedly using the commutation relations among L n (n = 0, ±1). With the formula, 
we have 


(d s -'- l O + d l O-\d s - L - l O + &) =F{s-l-i, h+)F(i, h_)C+C _ 
with C± = {0±\0±). Adding the conjugate deformation operator iO__0+(in), we hnd 


\BJ^\ 2 = (2vr/) 2 £ {[(1 T l)a 4 (s, A + 1)] 2 F( S - 1 - h+)F(i, h _)} (T A |T A > 


s—1 


= (2vr ff 


i =0 


It i 


2 4 - 2s tt 3 / 2 Csc (Att)T(s) 


2 AT(1 — A — s)T(l + A — s)T(—1/2 + s) 


(T x \Tx). (4.10) 
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With (2.23) and (3.4) we obtain 


M (U) = 


12 ( 8 - 1 ) 

(2s - 1 )N s c 

1 =F 1 8(1 — A 2 ) 


O/) 


14=1 


2 4 - 2 S 7 r 3 / 2 Csc (Avr)r(s) 


2 Ar(l - A-s)r(l + A-s)r(-l/2 + s) 
(s-i)(27r/) 2 (r A |r A ). 


(Tx\T x ) 

(4.11) 


This reproduces our hndings for the so(3)r singlet helds with s = 3,4. 

For the original problem we have to set A = 1/2 and multiply the factor 4. Furthermore, 
the standard kinetic term for the dual matter helds fixes the normalization as C .|_ = C— = 
1/(27t) [13]. Thus the mass for the spin s held dual to can be computed as 


M (U) = 1 ^ 112(S c 1} (2v t/) 2 (4.12) 

at the leading order of 1/c and / 2 . This is the term at the order of / 2 in the mass formula 
of (2.24) and (2.25). 


4.2 Alternative computation 

In this subsection, we reproduce (4.10) in a different way of computation for the following 
two purposes. One is to check the computation obtained above. Another is for a prepa¬ 
ration of later analysis. We will see that this way of computation has the dual gravity 
interpretation in terms of Witten diagram. Relying on the interpretation, we will include 
the corrections at the higher order of / 2 to the mass formula as in (2.24) and (2.25). 

Here we utilize the standard method of conformal perturbation theory as 


(dJ±\z)dJ±\w)eff d2xTx ) = (dJ± \z)dJ±\w)} + f J d 2 x{dJ±\z)dJ±\w)T\(x)) 



J d 2 x J d 2 y(dJ±\z)dJ±\w)T\(x)T\(y)) H-. 


(4.13) 


The correlation functions in the above expression are evaluated by using the non-perturbed 
theory. We can see that the first two terms in the right hand side vanishes. In the third 
term, there are two types of contribution as 

h(x,w) = j d 2 x J d 2 y(dJ^\z) 0 + (x) 0 + (y))(dJ^\w) 0 -(x) 0 -(y )), (4.14) 

and 

h{x,w) = J d 2 x J d 2 y{dJ±\z)dJ^\w) 0 + (x) 0 + (y)){ 0 ~(x) 6 ~(y )). (4.15) 


We first consider the contribution of the type in (4.14). 
with respect to Z 3 , we have 


Taking derivative of (2.17) 


d ( 1 

dz^ V^13-23 


s 


2vr 

(7^T)T 


(^-^is)) 


1 

(Z23) S 


+ (d° 3 -V 2 )(z 23 )) 


1 

M 7 ' 


(4.16) 
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Since there is no contribution from the terms proportional to d^^z — x)5 ( ' 2 \w — x ) for 
z 7 ^ w, we obtain 


Ii(z,w) = ± 2 M_|_(s, A)M_(s, A)C+C-- 


(2tt) 5 


x 


[( s — l )'] 2 


(4.17) 


(y — z) s (x — w) s (x — y) 2 ~ 2s J (x — y ) 2 ’ 


where we have used the invariance under the exchange of x and y. Evaluating the action 
of derivatives, we find 8 


Ii(z,w) = ±2A + (s, A)M_(s, X)C + C- 

S— 1 


(2vr) 2 


1 


x 


E 

k,e =o 


= ±(2tt) 


[(s — l )!] 2 (z — w) 2s (z — w) 2 
(«)s-i-fc (2 - 2 s)fc (2 - 2 s + fc)f( s )s-i-f 

\ i j 

2 3~ 2 s 7T 3/2 Csc(Xtt)T( S ) _ 1 


(4.18) 


V V 


C+C-- 


Ar(l — A — s)r(l + A — s)T(—1/2 + s) (z — w) 2s (z — w) 2 


For the total contribution, we need to multiply a pre-factor. First we have f 2 /2 in (4.13). 
Moreover, the exchange of x,y yields a factor 2. From T{x)T(y), we have two terms as 


T{x)T{y) = ±0+{x)0-(x)0-(y)0+(y) + ±<D-(x)0+(x)0 + (y)0-(y) + 


Totally, we have 


£. 2 . 1.2 = £ 

2 4 2 


(4.19) 


(4.20) 


For the contribution of the type in (4.15), we need 


s —1 


dj£\z)0+(x) = 2tt JV(s, A + 1 )d a - 1 ~ i S ( - 2 \z - x)d i O + {x ), 

»=o 

which comes from the free ghost computation in (4.1). With this expression, we have 

s —1 


2(2vr) 2 a\s , A + 1 ) 2 (&0 + (z)&0 + (w))(d 8 - 1 - i 0-(z)d a - 1 - i 6-(w)) 

2 3_2s 7t 3 / 2 Csc (A7r)r(s) „ „ 1 


(4.21) 


»=o 


= -(2tt Y 


C+C-- 


Ar(l — A — s)T(l + A — s)T(— 1/2 + s) ~ l ~ (z — w) 2s (z — w) 21 


where we have used (4.9). The result does not change even by exchanging ± of 0± and 0± 
in (4.15). As in (4.20) the total contribution is with the pre-factor f 2 / 2. The sum of the 
two types of contribution reproduces (4.10) if we use (7 a|7a) = \C+C-. 


The second equality is checked for s = 2, 3,.. ., 300. 














Figure 1 . One-loop diagram for a current-current two point function ( J± ] (Pi) J±^ (P2)) 


5 Dual bulk interpretation 

In the previous section we have computed the Higgs masses of spin s fields using the 
CFT technique. In principle the mass can be computed directly from the bulk higher spin 
theory. In fact, it was pointed out in [25] that the mass term would arise from the one-loop 
corrections of spin s propagator when we assign non-standard boundary conditions to bulk 
fields. However, it is technically difficult to extract the information of the mass from the 
one-loop computations. For the simple example with s = 2, the explicit value has been 
computed in [13] by following the previous works [21, 22, 24]. In principle, we can generalize 
their method to the case with s > 2, but it seems to be quite complicated. 

We take a different route to extract the information of mass from the one-loop ef¬ 
fects on spin s propagator. Instead of bulk-to-bulk propagator, we consider boundary-to- 
boundary one, which is equivalent to the two point function of boundary spin s current 
(J±\z)J±\w)). Acting dzdw-, we can compute |<9jj^| 2 from the bulk higher spin theory. 
With (3.4) we can read off the anomalous dimension of dual spin s current and the Higgs 
mass of the spin s field can be obtained from (2.22). As mentioned above, the mass term 
arises from the one-loop correction on spin s propagator. Therefore, in case of boundary- 
to-boundary propagator, we need to compute the one-loop diagram as in figure 1. As was 
pointed out, e.g., in [24], we can easily see how the corrections at the higher order of / 2 
enter from the bulk gravity viewpoints. Comparing the above CFT method, we obtain the 
higher order corrections in the mass formula of (2.24) and (2.25). 

5.1 One loop contributions 

In this section, we mainly work on arbitrary dimensional AdS^+i space. We adopt the 
embedding formulation to study the higher spin theory on the space, See appendix B for 
some details of the formulation. We describe the space by a hypersurface A" 2 = — 1 (A 0 > 0) 
in d + 2 Minkowski space. The boundary can be represented by the light rays P 2 = 0 and 
P ~ A P with A € R. Using the coordinates, we denote the bulk-to-bulk propagator as 
Ha,o(Ai, A 2 ) and the bulk-to-boundary propagator as nA,o(Ai, P) for a scalar field. 

In the CFT at the d-dimensional AdS boundary, we introduce two complex single-trace 
operators (D± with scaling dimensions A± satisfying A + + A_ = d. These operators are 
dual to bulk complex scalars (f)± with the same mass but different boundary conditions. As 
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in (3.1), we consider the deformation by the double-trace operator as 9 


A S = -f [ dPT d (P ), T d = O+O _ + . (5.1) 

Jd 

It was shown in [20] that the deformation corresponds to the change of boundary condition 
for (j)±. After the deformation the boundary conditions for the two bulk fields are 
mixed, and the effects can be removed by the rotation of the fields. Utilizing the rotation, 
the propagators (<j) a (X)(j)P(Y)} = II a P(X,Y) (a, (3 = ±) can be obtained as [13, 44] 


I V*P(X,Y) 


i f n A+l0 + / 2 n A _,o /n A _, 0 -/n A+)0 \ 
i + p \ v /n A _,o — /n A+i0 n A o + / 2 n A+j o J 


(5.2) 


with / = 2(A + — d/2). We are interested in the case with A± = {d ± l)/2, which lead to 
/ = /. If we take / —» oo, then the boundary conditions of (j)^ are exchanged as we can 
see in (5.2). 

We would like to examine the loop effects of the Witten diagram in the figure 1. The 
effects can be read off from the two point function of the bulk currents (J±^ ( x ) (y )). Here 
the bulk currents can be obtained from the interaction term in (B.13) as .'f'± = jj s> ± J^f\ 
where 


j[ s) = ■ ■ ■ V M >+ , JW = fV w • • • V M >- . (5.3) 


Since the bulk currents are written in terms of bilinears of scalar fields, the two point 
functions can be evaluated by the product of two bulk-to-bulk propagators for the scalar 
fields in (5.2). The two point function is given by the sum over the four contributions as 
(see [13] for spin 2 case) 

(J^(x)J^\y)) (5.4) 






(J^(x)ji s \y)) + (J^\x)4 s \y)). 


Since we know that there is no contribution to the scaling dimension from / independent 
term, the non-trivial contribution from each term satisfies 

( j[ s \x)j[ s \ y )) f = (J^\x)J^ s \y)) f = -(j[ s \x)J^ s \y)) f = -(J^\x)j[ s \ y )) f , (5.5) 


which can be seen from the explicit form of the scalar propagators in (5.2). This expres¬ 
sion implies that the conformal dimension for so (3)# singlet current does not receive any 
correction at the leading order of 1/c. Therefore, the result in (2.24) can be easily obtained 
from the viewpoint of bulk theory. Moreover, the propagators in (5.2) implies the following 
important fact. Once we have expression in the first order of / 2 , the final result is obtained 
simply replacing f 2 by / 2 /( 1 + / 2 ) 2 . From the results in [13], the same conclusion can be 
obtained for the deformations of fermionic operators. The full order expression of f 2 in 
(2.25) can be obtained in this way. If we take / —>• oo, then these masses vanish. This is 
consistent with the fact that the effect of the deformation at the / —» oo limit is just ex¬ 
changing the boundary conditions of c/)^ and we know that the higher spin gauge symmetry 
is not broken there. 

9 We do not include a factor 1/2 in (2.20). The factor 1/2 is introduced there to cancel the Jacobian 
arising from the change of worldsheet coordinates as z = ai + iao, z = a i — iao. 
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Figure 2. Contributions to anomalous dimension with the extra insertion of boundary operators 

5.2 Relation to the CFT method 

As argued above, the Higgs masses should be read off from the one-loop Witten diagram for 
the current-current two point functions (J± (Pi)J± (P2)) as in figure 1. These quantities 
have been computed by the CFT method at the leading order of / 2 , therefore we could 
relate the two ways of computation. With the relation, we can see how the higher order 
corrections of / 2 would be computed in the CFT language. 

I 11 the one-loop diagram of figure 1, there are one scalar propagator along the upper solid 
line and another along the lower solid line. The contributions to the anomalous dimension 
come from the shift in propagators as in (5.2). Let us first examine the following term at 
the first order of / as 

n ±T (x,r) = f(u A _ fi (x,Y)-u A+fi (x,Y)). ( 5 . 6 ) 

This effect must be due to the insertion of a boundary deformation operator in (5.1). In 
fact, the relation (B.12) implies that 

/ f dBnAfl(X 1 ,R)U 4 - Afl (X2,R) = f(d-2A)(n Ai o(X 1 ,X 2 )-U d -Afi(Xi,X2)). (5.7) 

Jd 

Thus with A = A± the deformed propagator n ±=f: (_Xi, X 2 ) in (5.2) can be written in 
terms of two boundary-to-bulk propagators at the first order of / as expected. With this 
expression, this type of contribution can be written in terms of Witten diagram as in the 
left one of figure 2, which correspond to the product of CFT three point functions in (4.14). 

In a similar way, we can see that the right diagram of figure 2 can be regarded as 
the contribution to the propagator n ±=l= (Ai, X 2 ) in (5.2) at the order of / 2 . The diagram 
corresponds to the product of four and two point functions in (4.15). After the two insertions 
of boundary operators, a propagator between X\ and X 2 becomes 

/ 2 J dRdSU^X^ R)n d _A,o(R, S)U A> o(S, X 2 ) 

= f 2 (d- 2A) j dSU d _ A> 0 (X 1 ,S)U A! o(S,X 2 ) 

= -/ 2 (n A ,o(Xi,x 2 ) - u d _ Afi (x ll x 2 )), 


-17- 


(5.8) 




Figure 3. A contribution at the order of f n + m from the insertion of (n + m ) boundary operators 


where we have used (B.21) and (5.7). It is the contribution to n^^Xi, X 2 ) in (5.2) for 
A = A± at the order of / 2 as expected. 

From the experience with a few boundary insertions, we can guess that the contributions 
at the order of f n + m come from the diagrams with the insertion of n+m boundary operators 
as in figure 3. They are the Witten diagrams corresponding to the (n + m)-th order 
contributions in the conformal perturbation theory. Let us examine how the bulk scalar 
propagators change due to the insertions of many boundary operators. Since the insertion 
of the boundary interaction changes the boundary scaling dimension from A to d — A, 
the propagator n ±=F (Xi, X 2 ) can include odd number of insertions and the propagator 
n ±± (Xi, X 2 ) can include even number of insertions. Using (B.21) we can see that the 2 n 
number of extra boundary insertions only give factor (— f 2 ) n after the integration over the 
insertion points. From the expansion of the boundary insertions as 

exp f^dQTdiQ)^ = 1 + f f^dQTdiQ) + y f^QMMQ^Td^) + ■ ■ ■ , (5.9) 

we obtain the factor l/(n!) for the term of the order f n . However, we need to consider all 
possible permutations of the boundary points Qi, which yields the factor n\. Thus totally, 
we have 1 /(n!) • n! = 1 for the term of the order f n . After summing over the all order 
contributions, the propagators with even number insertions become 

n Aj0 (-Ti, a 2 ) - -^L-(U A . 0 (X 1 ,X 2 ) - n d _ Ai0 (Xi,x 2 )), ( 5 . 10 ) 

1 + r 

which reproduces H±±(X\, X 2 ) in (5.2). Similarly, the propagators with odd number inser¬ 
tions become 

—^(/IIa_,o(*i,* 2 ) -/n A+) o(Xi,X 2 )), (5.11) 

1 + r 

which reproduces (Xi,X 2 ) in (5.2). I 11 this way, we have confirmed that the full order 
results in (2.24) and (2.25) can be obtained also by summing over all order corrections in 
the conformal perturbation theory from the boundary viewpoints. 
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6 Conclusion 


In [12] a holographic duality between J\f = 3 coset model (2.1) and a 3d Prokushkin-Vasiliev 
theory with extended supersymmetry [6] was proposed. In [13] most of the higher spin 
symmetry was broken by adding a deformation term (2.19) to the CFT. The symmetry 
breaking induces mass to the higher spin fields, and the explicit value of the mass was 
computed for a spin 2 field in [13]. The aim of this paper was to extend the analysis to the 
case with generic spin s > 2. We have computed the anomalous dimensions of higher spin 
currents in the boundary theory in various ways. Using these results, we have obtained the 
mass formula for higher spin fields in the bulk theory as in (2.24) for the so(3)r singlets 
and (2.25) for the so(3)/j triplets. The results are at the first order of 1/c. At this order, 
we can utilize the free ghost system (2.6) and the classical dual bulk theory. Combining 
these techniques, we can obtain expressions at the full order of the perturbation parameter 
/ m (2.19). 

The main motivation to study the breaking of higher spin symmetry is to understand a 
possible relation to superstring theory. There are only few candidate superstring theories. In 
the case with pure NSNS-backgrounds, generic arguments in [45] say that only three types of 
target space of superstring theory are consistent with the boundary J\f = 3 superconformal 
symmetry. Comparing the BPS spectrum of superstring theory in [46], it was conjectured 
in [13] that the target space of the related superstring theory should be AdSsxM 7 with 
M' =SU(3)/U(1) or SO(5)/SO(3). Since both cases lead to the same BPS spectrum, we 
can argue that they are related by a marginal deformation. Not much is known in the case 
with RR-flux. 

Unfortunately, it is not a straightforward task to compare the results obtained here 
with the string spectrum. Let us first recall the situation in [7]. The authors proposed 
a duality between a 4d extended Vasiliev theory with U(M) CP factor and a 3d V(N) x 
U(M) Chern-Simons-matter theory known as the ABJ(M) theory [47, 48]. For the duality 
with classical higher spin theory, we take large N since 1/N is related to the Newton 
constant Gn but we keep the size of CP factor, M, finite. The ABJ theory is known to 
be dual to superstring theory on AdS 4 x CP 3 with discrete torsion, and we can see the 
relation between the higher spin theory and the superstring theory by combining the above 
two dualities. The amount of discrete torsion is related to the difference N — M, and the 
string (or classical supergravity) picture is relevant only for M, N very large but N — M 
finite. For the parameter region with N M, the amount of discrete torsion is very large 
and the string picture is not so clear. 

The coset model (2.1) also has two parameters N, M, and their interpretation in terms 
of dual higher spin theory is the same as in [7]. Therefore, we need to take large N but finite 
M for the higher spin holography. In this case it is not so clear what kind of superstring 
theory is related to these theories, but from the analogy to the arguments in [7] we believe 
that the string picture is available only when both M and N are large. In other words, 
we have neglected M/A r -corrections in this analysis, but they would be relevant for the 
comparison to superstring theory as argued below. For large N and finite M, the higher 
spin theory is still expected to be dual to some superstring theory but at the region where 
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physical interpretation in terms of superstring theory is difficult to obtain. 

Firstly, a specific deformation (2.19) has been considered in this paper, but it was found 
in [13] that there are other types of marginal deformations preserving J\f = 3 superconformal 
symmetry. We used the simplest one and the deformations seem to give similar effects for 
N 3> M. However, for IV ~ M the effects will probably be different, and we should specify 
which combination of marginal deformations corresponds to turning on string tension. 

Secondly, we found that the so(3)r singlet fields do not receive any corrections at the 
order of 1/N as in (2.24). The result is actually expected since our deformation is of 
the same type as the one in [26]. They considered the deformation which does not break 
the higher spin symmetry at the leading order of 1/N and /. The deformation operator 
is characterized by the eigenvalue of Jq ; and our deformation operator in (2.20) has the 
required eigenvalue. It was also argued that the higher spin currents are no longer conserved 
if we consider higher order of 1/N and /. Therefore we expect that masses will be generated 
for s = 3,4,... once we include the higher order effects of 1/N. It sounds odd that the 
so(3)r singlets and triplets get masses at different order of 1/N. However, this puzzle might 
be resolved if we include M/fV-corrections. It is natural to have non-trivial masses at the 
order of 1/c • M/N. These terms become of 1/c order for N ~ M, and this is the same as 
those for the so(3)r triplet fields. 

Thirdly, the mass formula for the so(3)r triplet fields was obtained in (2.25), and the 
formula resembles the Regge spectrum on flat space-time. We may compare it with the 
mass formula for superstrings, say, with pure NSNS-flux. However, as argued above, there 
could be corrections at the order M/N. For N ~ M they become of the order N° and could 
modify the mass formula significantly. For instance, we may find other spin dependence in 
the mass spectrum which is compatible to that for superstrings with RR-flux. As a future 
problem, we would like to compute the M/N -corrections of the mass formula in order to 
compare with the string spectrum. 

There are other open problems and one of them is given as follows. When we obtained 
the contributions at higher order of / 2 , we have used the known results on classical bulk 
theory both for bosonic and fermionic deformation operators in subsection 5.1. We have 
tried to interpret the contributions from the boundary viewpoints only for the bosonic ones 
in subsection 5.2. It would be nice if we could extend the analysis for the fermionic ones, 
but for this purpose we need to generalize the embedding formalism also for the spinor 
tensor fields on AdS^+i- 
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A Higher spin superalgebra and free ghost system 


The higher spin superalgebra sIism' [A] introduced in (2.4) can be realized by the symmetry 
of the free ghost system [36] (see also [11, 40]) 

i r M ' 

s = - / d 2 z y~] {/3 A d-fA + b A dc A } , (A.l) 

^ J A=1 

which lead to the operator products as 

7 A (z)/3 B (w) ~ SaB , c A {z)b B {w) ~ ^ AB . (A.2) 

z — w z — w 

Here A,B = 1,2,, M' and the conformal weights for b A , c A ,(3 A and 7 A are (1 +A)/2, (1 — 
A)/2, A/2 and 1 - A/2. 

The truncated algebra shs^[l/2] can be generated by the free ghosts b A ,c A ,f3 A and 
7,4 (A = 1,2) with the conformal weights 3/4,1/4,1/4 and 3/4, respectively. In [36], the 
explicit expression by free ghost system is given for higher spin currents with shs[A] as the 
wedge subalgebra, and the truncation from shs[l/2] to shs^[l/2] was also argued. Using 
the results we can realize shs|/l/ 2 ] as the wedge subalgebra of the one generated by 

S —1 S —1 

[V^(z)} AB = a\s, l/2)(d^ A )(d s - 1 - i 7s) + ~ a ^ s ’ 3/2)(d i 6 A )(a s - 1 - i c B ), (A.3) 

2=0 2=0 

s— 1 s— 2 

[q {s \z)] ab = ^d*( S , 1/2 wpaw-^cb) i/^wbAW- 2 -^), 

2=1 2=0 

where o*(s, A) is defined in (4.4) and 

a l (s, A) = 2 1 . ] j ^ (A — s + l)i (2 — A — s) s -i-«, (A.4) 

\ * J ( s U-i 

F(s, A) = (* 7 2 ) 7 - 7 —^-(A — s + l)j(2 — A — S ) s _ 2 _i. 

V * J (s)s -2 

The Af = 3 superconformal algebra can be obtained as a subalgebra generated by the 
low spin currents defined in (A.3). The explicit expression of the low spin generators in 
(A.3) can be given as 

1 2 

T = - [3(d/3 A )-f A - Pa9ja + ( db A )c A - 3 b A dc A ] , 

4 A=1 

1 2 

J + = P 1 I 2 + bic 2 , J = £271 + 62 ci, J 3 = - ^2 (~1) A 1 \Pa7a + b A c A \ , (A.5) 

z a= 1 

G + = (d/3i )c 2 - /3i<9c 2 + 26172 , G~ = (S/3 2 )ci - /3 2 <9ci + 26271 , 

2 2 
G 3 = i ^2 (-1) A ~ X [{dpA )ca ~ PaOca + 26a7a] , ^ ^ Paca ■ 

Z A =1 z A =1 

We can check that these generators satisfy the operator product expansions for the Af = 3 
superconformal algebra with c = k = 0. See [49] for some details of the J\T = 3 algebra. 
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B Basics for bulk analysis 

In section 5 we study the Higgs phenomenon in the viewpoint of bulk theory. In this ap¬ 
pendix, we introduce basic tools for it. First we review the embedding formalism for tensor 
fields on AdS^+i or conformal fields on d-dimensional flat space-time, see, for examples, 
[50-54]. Then we give several important properties of AdS propagators, in particular, the 
split representation of them in [55], see also [56, 57]. Finally we give integral formulas which 
are used in subsection 5.2. 

B.l Embedding formalism 

Euclidean AdSd+i space can be described by a hypersurface in d + 2 Minkowski space 
defined as 


X 2 = -l, X° > 0. (B.l) 

The isometry group is SO(d + 1,1). In the light-cone coordinates X A (A = +, —, 1,..., d), 
the metric is given by 

X 2 = t]abX a X b = -X+X~ + 5 ab X a X b (B.2) 

with a = 1,... d. The Poincare coordinates are parametrized as 

X = - z {l,z 2 + y\y a ). (B.3) 

Near the AdS boundary, the hypersurface approaches the light-cone A' 2 = 0. Thus the 
boundary can be represented by the light rays, which may be described by P A satisfying 

P 2 = 0 , P ~ XP (B.4) 

with A £ M. In the Poincare patch, the boundary is parametrized as 

P = (l,y 2 ,y a ). (B.5) 

A totally symmetric traceless tensor ( x ) on AdS^+i can be described by a SO(d+ 

1,1) tensor Ha 1 ...a s {X ) on the embedding space. These tensors are related as 

dX Al dX Aa 

= Ha,MX), (B.6) 

which implies that 

X a 'H Ai ...a s (X) =0 (B.7) 

due to X 2 = — 1. Introducing auxiliary variables W A , we define 

H(X, W) = W Al ■ ■ ■ W As H Al ... Aa (X). (B.8) 

We assign W 2 = 0 from the traceless condition and W ■ X = 0 from the transverse one 
(B.7). On the boundary given by the light-cone P 2 = 0, we define a totally symmetric 


22 - 




traceless tensor Fa 1 ...a s {P )■ We require F(\P) = A ~ A F(P) for A > 0, where we denote 
the scaling dimension as A. Moreover, the condition to be tangent to the light-cone P = 0 
requires P Ai Fa 1 ...As{X) =0. Introducing Z A we define 

F(P, Z) = Z M --- Z A °P Al ... As {X) , (B.9) 

where we assign Z 2 = 0 and Z • P = 0. The transverse condition can be encoded by 
requiring F(P, Z + aP) = F(P, Z) for all a. 


B.2 AdS propagators 

We consider a spin s field with dual scaling dimension A, which propagates from X\ to 
X 2 and with polarization vectors W\ and W 2 , respectively. We represent the bulk-to- 
bulk propagator as IIa,s(Ai, X 2 ; W\, W 2 ). The bulk-to-boundary propagator may be then 
represented as II z \,s(A, P ; W, Z). The structure of the bulk-to-boundary propagator can be 
fixed by conformal symmetry. In [55], it was claimed that the bulk-to-bulk propagator can 
be written in terms of the following AdS harmonic function as 10 


n UjS {x 1 ,x 2 -w 1 ,w 2 ) 

1 


(B.10) 


dPUa +il/!S (X u P-, WlDz)H,_ ius (X 2 , P; W 2 ,Z). 


167rs!(^ - l) s v 2 Jd 

Here ( a) n is defined in (2.10) and the operator Dz is given by 


d 


m = \--\ + z- — 


d 


-l Z 


A 


d 2 


2 ~ dZ)dZ A 2 dZ-dZ 

The harmonic function is found to satisfy [55, 56] 


(B.ll) 


Q i/7 s(X 1 ,X 2 ;W 1 ,W 2 ) (B.12) 

= ^ (X,, X 2 ; W \, W 2 ) — n(A,, X 2 ; W \, W2)) . 

I 11 the CFT method we have used the three point functions in (2.17). With the above 
propagators we can express them as Witten diagrams in terms of bulk theory as in figure 4. 
We introduce a spin s field an d a complex scalar 0, (j). As argued in [55] the generic 

three point coupling may be set in the form of 

g [ dx^X, n ■ ■ ■ . (B.13) 

7 AdS 

Here we have assumed the transverse condition = 0. Let us denote Ao,A s as 

the dual scaling dimensions for the complex scalar and the spin s field. Then the Witten 
diagram can be evaluated as 

(Oa 0 (Pi)Oa 0 (P2)J (s) (P3,^)) (B.14) 

n As ,s(x, p 3 , k, Z){W • v) J n Ao , 0 (A, p 2 ) 

s\((d- l)/2) s 


= g[ dXU Aofi (Pi,X) 
J AdS 


10 We changed the normalization of boundary-to-bulk operator by —Av 2 . 









Pa 


Figure 4. Witten diagram for a three point function 


Here K is a projector operator, whose expression may be found in [55] as 


K a = 


d — l 


d +x A lx 9 


dW A 


dW 


+ [W 


d 


+ 


x A (w- 


d 


V" dW)\ X 'dw) 2 Wa 


d 

dWj dW A 

& 2 


(B.15) 


dW-dW 


+ X 


d 

dW 


B.3 Integral formulas 

The expression for the bulk-to-boundary propagators in the embedding formulation may 
be found in [55]. For a spin 0 field, it is given by 

1 


n A , 0 (^,-P) =c A 


(-2 P-X) A 


Ca = 


(2A-d)r(A) 

n d P ! r(A - d/2) ' 


(B.16) 


The boundary-to-boundary propagator is then obtained by replacing X by Q with Q 2 = 0. 
In the main context, we need to evaluate the following integral as 


i a (x,q)= f dPn d _ A ,opf, -P)n Aj0 (Q, p) 

Jd 

= C d - A CA [ dP- 


(B.17) 


1 


1 


(-2 P-X) d ~ A (-2 P-QY 


Using the Feynman parametrization 

i 

II;^r II; I'd' 

the integral can be written as 

I A (X, Q) = C d - A C A 


\ roc 

U 


m 


(^1 + Er =2 qrAi)^' 


(B.18) 


, A -1 


dp 


dq- 


T(d-A)r(A)y a “ 7o "*(-2P-YY 

with Y = X + qQ. In [54] a useful integral formula was derived as 

1 iv d / 2 r(d/2) 1 


dP 


(-2 p • yy 


T(d) (-Y 2 ) d / 2 


(B.19) 


(B.20) 
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with Y 2 <0. Applying the formula we have 


I A (X,Q)=C d . A C A 


ir d / 2 F(d/2) 

T(d - A)r(A) 


r > q 

Jo Clq (1 — 2qQ ■ X) d / 2 


= (d-2A)n A , 0 (A,Q). 


In the last equality we have used 


(B.21) 


(B.22) 
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